Fuzzy arithmetic
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The Extension Principle

One of the most basic concepts of fuzzy set theory is the extension principle.

Let X; x X5 x...x X,, be a universal product set and F' a functional mapping
of the form

F:X; xXox...xX, 7, (1.149)

As C Xo, ..., A, C X,, be n fuzzy sets, defined by the membership functions
B3, (21), 1i, (z2), .- pg (z), ¢ € Xy, i = 1,2,...,n. Then the membership

function p5(2), 2 € Z, of the fuzzy set B C Z with

is defined by

ng(2)

4

B=F(A, A,,... . A,) (1.150)
sup min {“’L (1), p3,(22),-- -, 13 (:’r:n)}
EZF{IL:I'E:-"':'TRII
if 92=F(z1,22,...,2n) (1.151)
L 0 otherwise .
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B = F(A) (1.152)

is defined by
sup py(z) if Jz=F(x)
pp(z) = z=F(z) (1.153)
0 otherwise .

Jamshid Nazemi Multi-Criteria Decision Making Slide no.: 3



Example 1.10. As an example for the special case n = 1, let us consider the
discrete fuzzy set A, defined on the universal set X = Z of integer numbers
by

A=1{(-1,0.1),(0,04),(1,1.0),(2,0.4),(3,0.1)} . (1.154)

The evaluation of the functional mapping F', defined for the crisp argument

x by
z=F(z)=2>+1, (1.155)

then results in the discrete fuzzy set B, given on the universal set Z = IN by

B=F(A)=A+1={(1,04),(2.10),(5.04).(10,0.1)} . (1.156)
piplz=2)= sup pz(z)
F(z)=2
= max [pz(z = —1),pz(z = 1)] (1.157)
= max [0.1, 1.0]
=1.0.
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Example 1.11. As an example for the case n > 1, let us consider the n = 2
discrete fuzzy sets A; and A,, defined on the universal sets X; = Xy = Z of
integer numbers by

A; = {(-1,0.1),(0,0.4), (1,1.0), (2,0.5), (3,0.1)} , (1.158)
Ay = {(0,0.2), (1,0.4), (2,1.0), (5,0.4), (10,0.1)} . (1.159)

The evaluation of the functional mapping F', defined for the crisp arguments

x1 and x2 by
1
z=F(x1,22) = 21 + 572 (1.160)
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<p 7 {(xa)>
Ag 0.2 0.4 1.0 0.4 0.1
T 0= = 1{ = 2{ > 5<0.4> ]_,n{ s
<p g (e )>
xy,
0.1 0.1 0.1 0.1 0.1 0.1
_1{ b= _1{ = _0.5{ g n{ = 1‘5{ = 4{ -
0.4 0.2 0.4 0.4 0.4 0.1
n{ == 0{ e 0.5{ = 1{ = 2‘5{ = 5{ e
1.0 0.2 0.4 1.0 0.4 0.1
1{ = 1< > 1.5< = 2{ > 3 5< = 6{ >
0.5 0.2 0.4 0.5 0.4 0.1
2{ = 9< > 9 < = 3{ > 4.5< = 7{ >
3{[].1} 3{“.1} 3 5{[}.1} 4{[].1} 5 5{_“.1} 8{[].1}
<minfp 7 (zq }p 5 (x2)]>
z (i, Az ] ,z=:r:1+%:::2
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Result for the example :
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z=ux + é T2 min [,;_a;_;,;1 (w1), p 3, I[:Tg}j| max
-1 0.1 0.1
—0.5 0.1 0.1
0 0.1 0.2 0.2
0.5 0.4 0.4
1 0.4 0.2 0.4
1.5 0.1 0.4 0.4
2 1.0 0.2 1.0
2.5 0.4 04 0.4
3 0.5 0.1 0.5
3.5 0.4 0.1 0.4
4 0.1 0.1 0.1
4.5 0.4 0.4
] 0.1 0.1
5.5 0.1 0.1
6 0.1 0.1
7 0.1 0.1
8 0.1 0.1

Z H g (2)
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Fuzzy numbers
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Triangular Fuzzy Number (Linear Fuzzy Number)

Due to its rather simple membership function of the linear type, the triangular

fuzzy number or linear fuzzy number is one of the most frequently used fuzzy

numbers. As an abbreviated form, we can introduce the notation ——
p = thn(T, a, a;) (2.5)
to define a triangular fuzzy number p € P'(R) with the membership function
'3 —
0 for =<7 —-m
1+(z-7)/ay for T—a<z<T
plz) = < or (2.6)
1—(z—-7)/a, for T<zx<T+a
\ 0 for x>T4+ o
a ] triangular
plx) fuzzy number
1 booooooe
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Gaussian Fuzzy Number

Another important type of fuzzy number is the Gaussian fuzzy number, where
the membership function is characterized by a normalized and. in general,
asymmetrically parameterized Gaussian function. We can introduce an ab-
breviated notation of the form

:Lﬁ = gfﬂ(fv ay, Ul‘} [2'9)
to define a Gaussian fuzzy number p € P'(R) with the membership function

exp[— (z —T)?/(20})] for z<T

_LL“'{'.L‘;I = YzeR. b b Gaussian
P - 9 _
exp |- (z-T)?/(202)] for z>T p(z) fuzzy number
l f----—5 I
A P
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0 i
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le’rn'r
Slide no.: 10

Jamshid Nazemi Multi-Criteria Decision Making



Ezxponential Fuzzy Number

The membership function of the exponential fuzzy number is of an exponential
type. and we can introduce the abbreviated notation

p=em(z,n,7n) (2.17)

to define the fuzzy number p € ﬁ’(R) with the membership function

exp | —(z —T) /7 for z<T
py(z) = ! [ ( )/ l] VrelR. (2.18)
exp [ —(z — E]/Tr] for z>7
b $ exponential
p(z) fuzzy number
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Quadratic Fuzzy Number

For the definition of the gquadratic fuzzy number, we can introduce the abbre-
viated notation

P = dfu(z, By, B:) (2.14)

¥

which leads to a fuzzy number p € 5’[R} with the truncated gquadratic mem-
bership function

0 for z<T-/
1—(z—-%)?/82 for z—-fBi<z<T
ps(z) = 4 " 2/ ; - i (2.15)
1—(z—m2)°/B; for T<ex<TH[
\ 0 for & :E T+ .ﬁl' a | quadratic
p(z) fuzzy number
)
| P
0 |
- z
Je) 'L B
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jg, (21) Hp,(T2) p(z) z =11+ T2

| v
| |
________ T I
l-]' t — --'“ ./!I \\ - ﬂ } _d:L o

1 TR I 1 34 T2 1 11 =z

Fig. 2.5. Evaluation of the extension principle for the addition of two fuzzy numbers.
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addition

Addition of L-R Fuzzy Numbers

Given two fuzzy numbers p; and po, represented as L-R fuzzy numbers of the

form
p1=(Z1, a1, B1).r and po = (To, 0, 32)L.R (2.37)

the sum E,(p;,p2) = § = p1 + p2 is again an L-R fuzzy number of the form

q=(z,a,B)L.R (2.38)
with the modal value
Z=T1 +To (239)
and the spreads
a=a; +a and F =0+ 0. (2.40)
= i)

o

(Z1, 00, PR+ (T2, 0, B2 L. = (T1 + T2, 01 + a2, f1 + P2drr . (2.41)

- —_
o

T

p1 po q
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Subtraction of L-R Fuzzy Numbers

Making use of the opposite —p of the L-R fuzzy number p, which is defined
as
-p=- {T a, ﬁ)L,R = {_Ia ﬁaﬂ}ﬁ,b : (249)

we can deduce the following formula from (2.41) for the subtraction
¢ = E.(p1,p2) = p1 — p= of L-R fuzzy numbers:

z c A
e

{515!’11,..@1}1,15{ — (Tgtnlgzﬁg}ﬂ,[, = (Tl — f;,;lfl -I-g!(f;:?fj + (.EQ}L.1R ) (2.5[]}

]

L. -~ ,
- S

T

—

P1 P2 g
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Let us consider again two fuzzy numbers p; and p- of the same L-R type given
by the L-R representations

pL= (Th!’fl;.ﬁl}LR and po = {fz;fl'Eﬁ:*)L.R . (2.53)
3 fa' B
.r"""'&"""\ -, P

(T1,00,01) .k (T2, 2, 02) L r = (T1T2, T1002 + Toct1, T102 + T2 )L R -

1 ra g
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